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Abstract Nonlinear propagation ol dust-acoustic waves in a cold inngncii/cd dusty
plasma, which consists of extremely massive, arbitrarily (negatively 01 positively) charged 
inertial dust grains. Boltzmann distributed ions and electrons, has been investigated The 
icductive perturbation method has been used to derive the Korteweg-de Vanes (K-dV) equation 
which admits a solilonic solution The effects of external magnetic field, obliqueness and 
polarity of the dust grains on the nature of the dust-acoustic solnons are discussed
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N o w a d a y s , a  c o n s id e ra b le  a tte n tio n  has been  g iven  in u n d e rs ta n d in g  d iffe re n t types o f  
co llec tiv e  p ro c e sse s  in d u sty  p la sm a s w h ich  arc  co m m on  in as te ro id  zones, p lan e ta ry  rings, 
com ela ry  ta ils , as w ell as the lo w er ionosphere  o f  the earth . It has been found bo th  theo re tically  
[ II and  e x p e r im e n ta lly  [21 tha t the p resen ce  o f  s ta tic  charged  d u st g rains m odifies the ex is ting  
p lasm a w av e  sp e c tra , w h ereas  the d u st charge  d y n am ics in troduces new  e igen  m odes. T he low  
frequency  d u s t-a c o u s tic  m o d e  [1 ,2 ] ,  w here  the  dust p a rtic le  m ass p rov ides the ine rtia  and  the 
p ressu res  o f  in c rtia le s s  ions o r  e lec tro n s  or bo th  (d ep en d in g  on the po larity  o f  the dust g rain s) 
give rise to  the  re s to r in g  fo rce , is one ol lhcm . R ecen tly , m o tiva ted  by ihcse theo re tica l [ 11 and 
ex p e rim en ta l [2] s tu d ie s , M a m u n  et al [3, 41 have rep o rted  the n o n lin ear p ro p ertie s  o f  dust- 
acoustic  w av e s  in a  tw o -c o m p o n e n t d usty  p lasm a co n s is tin g  o f  a nega tive ly  charged  dust 
llu id  and m a x w e lh a n  [3] o r  n o n -M ax w cllia n  [4] d is tribu ted  ions. A s the e ffec ts o f  ob liqueness, 
ex ternal m a g n e tic  fie ld , an d  p o la rity  o f  the dusl g rain s, w hich  have no t been co n s id ered  in the 
ea rlie r in v e s tig a tio n s  [ 1 , 3 . 4J, d ras tica lly  m odify  the p ro p ertie s  o f  the e lec tro s ta tic  w aves. W c, 
in our p re se n t w o rk , h av e  s tu d ied  th e  n o n lin e a r p ro p ag a tio n  ol d u st-aco u stic  w aves in a co ld  
m ag n etized  th re e -c o m p o n e n t d usty  p la sm a  w hich  consis ts  of an arb itra rily  charged  (negatively  
or p o sitiv e ly  c h a rg e d  d e p e n d in g  on  the  ch a rg in g  p rocess) dust flu id  and  B o ltzm ann  d is trib u ted  
ions and e le c tro n s .
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W e c o n s id e r  a  th re e -c o m p o n e n t d u sty  p la sm a  w h ich  c o n s is ts  o f  ex tre m e ly  m assive, 
m ic ro n -s iz e d  a rb itra rily  (n eg a tiv e ly  o r  p o s itiv e ly )  c h a rg ed  in e rtia l d u s t g ra in s , an d  B oltzm ann
d is tr ib u te d  ions an d  e lec tro n s , in the  p re se n ce  o f  an ex te rn a l s ta tic  m a g n e tic  f ie ld  B 0 || £ . Thus, 
at e q u ilib r iu m  w e have
n = v Z , / i ,  +/i , ( l )t n  ( I  d o  v o  ' 1 I
w h e re  nf f , n(Jo, an d  are  the  u n p e rtu rb e d  ion. d u st, e le c tro n  n u m b e r  d e n s itie s , respectively , 
Z(l is the  n u m b e r  o f  e le c tro n s  o r p ro to n s  re s id in g  on the  d u st g ra in s , and  v  is a p a ra m e te r  w hich 
is 1 fo r e le c tro n s  -  1 for p ro to n s . T h e  d y n a m ic s  o f  low  p h ase  v e lo c ity  ( ly in g  th e  ions and  dust 
th e rm a l v e lo c it ie s , viz, i'/f/«  vf)«  vu ) d u s t-a c o u s tic  o sc illa tio n s  is g o v e rn e d  by [3, 4]
— +  V - ( / i , /u £/) =  0 , (2)
+  ' - ) - < /  = v lV 0  +  G>,,/ ( z x « ( /) l .  (3)
v 20 = v \ n d + n „ e (’0 \ (4)
w h ere  nd is th e  d u s t p a r tic le  n u m b e r d en s ity  n o rm a lize d  to  nJo, u.d is tne  d u s t flu id  velocity  
n o rm a liz e d  to  th e  d u s t-a c o u s tic  sp e ed  C y =  (Z £/T /  n/(/) 1/2 in w h ich  T  b c in ^  the io n -tem p era tu re  
(in e n e rg y  u n its )  an d  md b e in g  th e  m ass  o f  the  c h a rg ed  d u s t p a rtic le s , 0  is the  e lec tro s ta tic  
w av e  p o te n tia l n o rm a liz e d  to T J  e in w h ich  e b e in g  the m a g n itu d e  o f  the  e le c tro n ic  charge, 
a  =  T /T  w ith  T , b e in g  the  e lc c tro n -tc m p c ra tu rc  (in  en e rg y  u n its ), / i () = jj / (1 - fd ) and  = 1 
/ ( I  -jU ) w ith  f J= n a)/niit. T he  tu n c  and space variab les  are in the un its o f  the d u st p la sm a  period
(0~h = (md I An ndoZ de 2 ) l/2 an d  the  D eb y e  leng th  A ^ y =  ( T / 4  n Z j i tlie2) {l2, respectively .
(i)ld =  (Z dcBn /  md ) /  (O f)d is the  d u s t-c y c lo tro n  freq u en cy  n o rm a lize d  to  (J0[)d  .
»
To study  the  p ro paga tion  o f  du st-aco u stic  w aves m ou r dusty  p la sm a  m ode l, w e construct 
a w ea k ly  n o n lin e a r  th eo ry  o f  the  d u s t-a c o u s tic  w av es  w ith  sm all but fin ite  am p litu d e  w hich 
lead s  to  sc a lin g  o f  th e  in d e p en d e n t v a ria b le s  th ro u g h  the  s tre tch e d  c o o rd in a te s  [5, 6]
<* =  £ l/2 0 ' X + l , y  + l . z - v ot),
T = e il2t . (5)
w h e re  £ is a sm a ll p a ra m e te r  m e asu rin g  the  w e a k n e ss  o f  the d isp e rs io n . Uo is the  w ave  phase 
v e lo c ity  n o rm a liz e d  to  C d ; / ^ , / an d  /, are  the  d ire c tio n a l co s in e s  o f  the  w av e  v e c to rk along 
the X, Y. and  Z  ax e s , re sp e c tiv e ly , so  tha t / 2 +  / 2 + /?  =  1. W e can  e x p a n d  the  perturbed 
q u a n tit ie s  nJt uJx x , ,  an d  0 a b o u t th e ir  eq u ilib r iu m  v a lu es  in p o w e r o f  e, in c lu d in g  the terms 
o f  evl 16 J
nd =  1 +  enJ,1* + £*n
t l x ,  >
2 12)
ll , . V 2 (1, ,2 ,{(2>‘Jx.\
utiz =  0  +  e u ^  +  £ 2ul2) +  
0  =  0  +  £ 0 <l) +  £ 20 (2) + ..
(6)
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N ow  using  (5) and (6) in (2 )- (4 )  one can obtain the first order continu ity  equation , Z  com ponen t 
o f  m o m e n tu m  e q u a tio n  an d  P o is s o n s ’s e q u a tio n  w h ic h , a f te r  s im p l i f ic a t io n ,  y ie ld
" i "  =  ulh =  an<* V" =  ^  ^ i + °  Vo I . W e can w rite  the first o rd e rX a n d  Y
c o m p o n e n ts  o f  th e  m o m e n tu m  eq u a tio n  as wV* =  ~ - and u{V  = -  - 1E . T h ese .w1(/ (oltl
resp ec tiv e ly , rep re se n t the  Y and  X  com ponen ts  ol the electric  field  drift. T hese eq u a tio n s arc 
also  sa tis f ied  by the second  o rder con tinu ity  equation .
A gain , u sing  (5) and  (6) in (3) and (4). and e lim inating  , w c obtain  the nex t h igher 
o rd er X  and  Y co m p o n en ts  o l the m om entum  equation  and P o isso n ’s equation  as
li{2) - -  11 d\ “
1^0 i) 20 m
va>;,, (7)
12) l ' v » a y= -
v “ 2/ a ?  ' (8)
+  4 * , 2 , - % , y ’ i2 . 20a ? "
= v»Jr (9)
T he first tw o  o f  these  equa tions , respectively  deno tes the Y and X  com ponen ts o f  the  dust 
p o la riza tion  d rift. S im ilarly , fo llow ing  the sam e p rocedure one can obtain the next h igher o rder 
co n tin u ity  eq u a tio n  and  Z com ponen t o f the m om entum  equation  as




- fdx * *
i
' %
K ' + /. in -  V/- - =  ()
dx " (5g % Ag
( 10)
(11)
N ow . using  (7) -  ( 1 1), one  can  e lim ina te  n[f\ u\fz\  and 0 (2) and can obtain  
<90(,) + A0M , * " 1 , f l d  V 1 = 0
dx ' ' T a g  dg 3
This is the K -dV  eq u a tio n  w ith  the co effic ien ts  A and B g iven by
( 12)
v f - n v2
/,
( l - / i ) 2 1 v /  (l+crjt)
f l - M f /. 1l +  -
l  V J (l + o>t)V2
3/2 l +  ( 3 +an  )o ju  +  (1 +  <t 2 )
I - / ;
<»a
(13)
The steady slate solution of this K-dV equation is obtained by transforming the independent 
variables g and t to t) = g -  unX and x = T, where un is a constant velocity normalized to Cd, and
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im p o s in g  the ap p ro p ria te  b o u n d ary  cond itions, viz,, 0  —> 0, ^ — > 0, i^ T- —> 0  a t 7j ±  qo . 
T h u s  o n e  can  e x p re ss  the s te ad y  sta te  so lu tio n  o f  the K -dV  e q u a tio n  as
0 (l> = K '  s e c h 2 [ ( £ - U(,t ) / 5 ] ,  (14)
w h ere  the  a m p litu d e  0 ^ /a n d  the  w id th  5 (n o rm a liz e d  to  XDd) are  g iv e n  by 
=  3«„ / *  ,
5  =  J 4  B /  ii„ . (15)
A sm <;> 0, it is c le a r  th a t f in ite  am p litu d e  so lita ry  w av es  w i th 0 >  ( < ) 0  ex is ts  if  A > ( < ) 0 .  
T h e re fo re , fo r n eg a tiv e ly  c h a rg ed  d u st g ra in s  ( v =  1 and  / i <  1 )A < 0 , i.e., th e re  ex is ts  so litary  
w av e s  w ith  n eg a tiv e  p o ten tia l on ly , and  for p o s itiv e ly  ch a rg ed  d u s t g ra in s  (v = -  1 an d  jj > 1) 
A > 0  J .e . .  th e re  ex is ts  so lita ry  w av es  w ith  p o sitiv e  po ten tia l only. It is o b v io u s  from  ( 1 3 ) - ( 1 5 )  
th a t the  a m p litu d e  o f  th e se  so lita ry  w av e s  d e c re a se s  w ith  th e  in c re ase  o f  /_ (/. =  co s 0 w ith  6 
b e in g  the  a n g le  b e tw e en  th e  d ire c tio n s  o f  th e  w av e  p ro p ag a tio n  v ec to r  k an d  the ex terna l 
m a g n e tic  fie ld  Bo . It is seen  tha t the  m a g n itu d e  o f  the  ex te rn a l m ag n c tic lf ie ld  has no  any  effect 
on  the  am p litu d e  o f  th e  so lita ry  w aves. \
T h e  el fee ls  o f  the  m a g n itu d e  o f  the  ex te rn a l m a g n e tic  field  (fi ) apd  p ro p a g a tio n  angle
(9) on th e  w id th  ( 5 )  o f  th e se  so lita ry  w av es  a re  d isp lay e d  in F ig u re s  1 ahd  2. It is fo u n d  from  
the F ig u re  I th a t as w e  in c re ase  the  m ag n itu d e  o f  the  m a g n e tic  fie ld , the w id th  o f  these  so litary  
w av e s  d e c re a se s , i.e., ex te rn a l m a g n e tic  field  m ak es  the so lita ry  s tru c tu re s  m o re  spiky. It is
DUST-CYCLOl RON FRFQUENCY
F ig u re  1. Width ( 8  ) of Ihc solitary waves is plotted against dust-cyclotron frequency (fc),,) 
for <r= 0.1. /j = 0 I. u(i = 1.0. and / = 0  85 Here the width 8  is normalized to the Debye length 
and dust-cyclotron frequency aJid is normalized lo dust-plasma frequency a)fid
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show n  from  the F ig u re  2 tha t as w e in c rease  the p ro p ag a tio n  ang le  ( 0 ) ,  the w id th  ( 5 )  in c reases  
for its lo w e r  ran g e  (0°  <  0 <  ~ 5 5 ° )  b u t d ec reases  for its h ig h e r ran g e  (~ 55° <  0 <  90°). It is 
im p o rta n t to  m e n tio n  h ere  tha t o u r an a ly s is , w h ich  is  on ly  valid  for sm all bu t fin ite  am p litu d e  
lim it, is no t v a lid  fo r  la rg e  p ro p a g a tio n  ang le  (6  ) that m akes the am p litu d e  la rg e  en o u g h  to 
b reak  the  a s su m p tio n s  (en ^  <  1, finl(2) < etc.) u sed  in the red u c tiv e  p e r tu rb a tio n  m e th o d  
em p lo y ed .
PROPAGATION ANGLE
F igure  2. Width (<5 ) of the solitary waves is plotted against propagation angle ( 0  ) 
for <j = 0  I, /.i = 0 1 , « ( == 1.0, and a) , ~ 0 OS Here the width <5 is normalized to the Debye 
length A#w
I t m a y  b e  s tre s s e d  h e re  th a t the  re su lts  o f  th is in v e s tig a tio n  sh o u ld  be u se fu l in 
u n d e rs ta n d in g  th e  n o n lin e a r  fea tu re s  o f  loca lized  e lec tro s ta tic  d is tu rb a n ce s  in lab o ra to ry  and 
space p la sm as, in w h ich  nega tive ly  or positively  charged  dust particula tes, and therm al e lec trons 
and ions a re  the  p la sm a  sp ec ie s .
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